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Abstract 

We first prove an inequality for the Hurwitz zeta function £(<r, w) in the case a > 0. 
As a corollary we derive that it has no zeros and is actually negative for a G (0, 1) 
and 1 — a < w and, as a particular instance, the known result that the classical zeta 
function has no zeros in (0, 1). 



1 Statement and proof of the results 

The Hurwitz zeta function is classically defined for 5J(s) > 1 as 

oo 
n=0 

with w being a positive real number, and it can be continued analytically to the whole s- 
plane, except for a pole in 1 (see e.g. [2, Proposition 9.6.6]). Sometimes the definition is 
extended by letting w be a complex number, while in other situations w is only restricted to 
be a real number in (0, 1]. Notice in fact the following relation: 

C(s,w) = ((s,w + l) + w~ s , 

which follows by considering a summation over the terms (n + 1 + w). 

The following theorem is meant to add a new result to what is already known about its 
zeros (see e.g. [5]). As usual in the literature, a will denote the real part of s. 

Theorem 1.1. Suppose that o > and a / 1. Then ((a,w) < jjE^^ • 
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Proof. To make it clear how the steps in the proof drive towards the thesis and where they 
leave space for possible improvements, we use here the following approach: we start consid- 
ering s a generic complex number and only later we will add conditions on the parameters. 

As a first step we derive a representation for the Hurwitz zeta function through the Euler- 
Maclaurin summation formula, in analogy with the one derived for the classical Riemann 
zeta function (see e.g [3] chapter 6]). Namely, the following Euler-Maclaurin summation 
formula 



f(x)dx + -\f{M) + /(iV)] + -ff(x)\™ + -f f^(x£ + ..., 

TI=1V - 1 

where B2, -B4, . . . are Bernoulli numbers, is applied to f(n) = (n + w)~ s letting M tend to 
00, to obtain, for 9ft(s) > 1, 



N-l (M-\- \ 1 ~ s 

((s, w) = y2(n + w)- s - 1 + 0((N + w)-*)- 

^— ' 1 — s 

n=0 



This formula is in fact true for all C\{1}, as explained for the analogous case of the 
Riemann zeta function ([21 section 6.4]) by considering an expression for the remainder in 
integral form and its correspondent halfplane of convergence (see also [2J Proposition 9.6.7]). 

The formula above implies that, if we restrict to 3?(s) > 0, s / 1, 



C(s,w) = lim |^(n + u> N * 



N-+00 \ ^—^ 1 — s 

n=0 



We notice that 



N N 

^2(n + w)~ a = w' a + (x + w)' a dx + Ajy, 

n=0 ^° 



where 



N 

(x + w)~ a dx} 



n=l J™- 1 



is such that > A x > \^ > Ajy+i- 

After computing J Q (x + w)~ a dx = ^ N \Zl T~^~' we S e ^ 



*— ' 1 — cr 1 — cr Vu;' 7 

n=0 v ' 



so that 



|A, , „ (N + wY- a \ 1-a-w v , 

1 m > (n + wY a - - - = t(a, w) = r + hm \ N , 

jv^oo\^ v ; I- a I (l-a)w a n^oo N ' 
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and therefore 



a/ \ 1-a -w 
(1 — o)w a 

□ 

Corollary 1.2. ((a, w) is negative and in particular nonzero when o G (0, 1) and 1 — o < w. 

A particular case is the following well known result (see e.g. [TJ chapter 13]): 

Corollary 1.3. The Riemann zeta function ((s) has no zeros in (0, 1). 

Proof. In fact £(s) = C(M)- □ 

Remark 1.4. Notice that when a > 1 the upper bound is always positive, as it should be, 
given the definition of ((a, w) for 9ft(s) > 1. 

Remark 1.5. It is well known that the Dirichlet L-function, defined for 9ft(s) > 1 as 
s) = XlnLi wnere X is a Dirichlet character (mod q), can be represented through 
a sum of Hurwitz zeta functions (see e.g [2] or [T]) in the following way: 

<j 

L(x,s) = q' s ^2x(a)C(s,a/q). 

a=l 

The Extended Riemann Hypothesis conjectures that the Dirichlet L-function L(x, s), for 
a primitive character x, has no zeros with real part different from 1/2 in the critical strip; 
and its strong version says that L(x, 1/2) is always nonzero too: see also [2j section 10.5.7]). 

We leave then open for investigation to see whether our main result could help to find 
new zero-free regions for this class of functions, for example to show that the Dirichlet L- 
functions are also nonzero on the real axis between and 1, which would thus establish a 
weaker version of the Extended Riemann Hypothesis, though stronger in including the point 
1/2. A very simple instance is actually at hand: 

Corollary 1.6. Let \2 be the unique character modulo 2. Then L(x2,s) has no zeros in 
(0,1). 

Proof. From the above formula we get that L(x2, s) = 2~ s ((s, 1/2) and we know from our 
theorem that ((s, 1/2) is nonzero in [1/2, 1), so that L(x2, s) is also nonzero in [1/2, 1). Now, 
we know by the functional equation for Dirichlet L-functions (see e.g. [21 Theorem 10.2.14]) 
that if s is not a zero, then 1 — s is not a zero either. Therefore L(x2, s) is nonzero throughout 
(0,1). l " □ 

An alternative proof of this result can be derived using Corollary 11.31 and the fact that 
C(s, 1/2) = £(s) • (2 s — 1) (see e.g. [2, Proposition 9.6.2]). In fact this case belongs to a more 
general scenario: when x is a principal character xo modulo q, then: 



Hx ,s) = a S )n(i-^) 



p\q 

(see e.g. [2] or [1]). 
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